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ABSTRACT: The analysis of intrachain monomeric interactions reveals a new effect in the description of polymer
conformations in diluteθ-solutions, semidilute solutions, and melts. The chain connectivity modifies the effective
monomeric interaction, which results in the long range correlations between orientations of polymer bonds, that
decay as a power law. A major modification of the standard polymer models was made to describe this effect.
We predict the power-law decay of the bond-vector correlation function of a polymer in theθ-solvent,〈aiaj〉 ∼
|i - j|-3/2, (ai is theith bond vector) instead of commonly assumed exponential decay. We calculated the length
dependence of the ratio of the mean squared size of a chain segment to its lengths. Our theory predicts that this
ratio has a maximum below theθ-point due to the balance of the new effective interaction and the two-body
attraction. The Flory characteristic ratioCn of a chain withn main chain bonds is found to approach its asymptotic
valueC∞ asn-1/2 and not asn-1, predicted by the classical polymer models. We show that the necessary conditions
for the existence of new effective interactions is the chain connectivity and nonzero range of monomeric interactions.

1. Introduction

Polymer chains have different conformations depending on
interactions between their monomers. If interactions are pre-
dominately repulsive, as in the case of good solvent solutions,
polymers swell, while if their interactions are attractive, as in
the case of a poor solvent, chains are collapsed. Between these
two cases there is a special condition, calledθ-point, under
which the effective interaction between monomers is zero and
the chain is almost ideal. Similar compensation of attractive
and repulsive parts of monomeric interactions occurs in polymer
melts and concentrated solutions. In semidilute solutions the
effective interactions vanish on length scales larger than the
correlation lengthê due to the screening of the excluded volume
by surrounding chains. Polymers with vanishing effective
interactions, such as inθ-solvents and melts, are traditionally
described by the ideal chain models.1-12

In an ideal chain there are no interactions between monomers
that are far apart along the polymer. Interactions of neighboring
monomers along the polymer (due to chain stiffness or local
steric hindrance) lead to exponentially decaying correlations in
directions of vectorsai andaj of bondsi andj separated by the
distances ) a|i - j| along the chain

wherea is the bond length andlp is the persistence length. Rapid
decay of bond vector correlations results in the random walk
statistics of the chain on curvilinear length scales larger than
the persistence segment lengthlp. The concept of the persistence
length is widely used for the characterization of the polymer
flexibility. 13-17 Polymers with persistence length,lp, on the order
of several bond lengths,a, are called flexible, while chains with
lp . a are called semiflexible. Single stranded DNA (lp ≈ 2

nm) is an example of a flexible chain, while double strained
DNA (lp ≈ 50 nm) is a common example of a semiflexible
polymer.

The assumption of ideality of chains in melts and concentrated
solutions was recently demonstrated to be incorrect.18 Using
both computer simulations and theoretical estimates it was
shown that bond vector correlation functionh(s) in melts and
semidilute solutions decays as the power law of the curvilinear
distances between bonds

This unexpectedly slow decay of correlations was explained by
the effect of the correlation hole,19 leading to relative compres-
sion of the chain with respect to its ideal state.

Notice that the correlation hole effect is the prominent feature
of melts or concentrated solutions of polymer chains and is
absent for chains in diluteθ-solutions. Since the interaction
between monomers at theθ-point is compensated by their
interaction with molecules of the solvent, one can naively expect
to observe ideal-like behavior of such chains. In this paper we
demonstrate that polymers in diluteθ-solutions are not ideal
and exhibit the same power law decay of the bond correlation
function (eq 2). We will show that the ideal chain behavior at
theθ-point is destroyed due to the connectivity induced effective
interaction between monomers that are far away from each other
along the chain. Such monomers do interact when they approach
each other in space, but the contributions of attractive and
repulsive parts of the interaction to the effective second virial
coefficient compensate each other at the theta point. The main
result of this paper is that connectivity of chain monomers leads
to additional correlations in their relative position in space
causing incomplete compensation of attractive and repulsive
interactions at theθ-point. The connectivity of monomers in
the chain slightly decreases the probability of the two monomers
to be within the range of the attractive well of the interaction
potential. The magnitude of this effect depends on the distance
between the two monomers along the chain contour. This
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h(s) ≡ 〈aiaj〉/a
2 ∼ e-s/lp (1)

h(s) ∼ s-3/2 (2)
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probability shift leads to an additional effective interaction of
two monomers belonging to the same chain.

Another manifestation of the probability shift is the presence
at θ-conditions of the large correction term∼xn to the
expected dependenceR2 ∼ n of the mean square sizeR2 of the
polymer chain on the numbern of its main chain bonds. This
change of the polymer size can be observed experimentally by
measuring the dependence of the Flory characteristic ratioCn

on the number of chain bondsn.
We will show that this new connectivity-induced interaction

results in the power law decay of the bond vector correlation
function (eq 2) for all quasi-ideal chains, including polymers
in θ-solvents, melts, and concentrated solutions. This interaction
was not taken into account in the classical polymer models.

It is well-known that three (and higher) body interactions shift
the effectiveθ-temperature relative to the Flory’sθ-temperature
of the “gas of unconnected monomers”.21 In addition to the
shiftedθ-point these many-body interactions lead to logarithmic
corrections to the chain size in the tricritical region.11,12,20We
show that the power law dependence (eq 2) with similar
logarithmic corrections (which are important only for very long
chains) is the dominant effect in the significant temperature
range near the shiftedθ-temperature.

In this paper, we discuss the origin and consequences of the
new connectivity-induced correlation effect. Analytical theory
of connectivity-induced correlations is proposed in sections 2.1-
2.3 and its predictions are compared with the results of computer
simulations in section 2.4. In section 2.5, we take into account
the chain flexibility in our new theory and demonstrate that our
theory is in excellent agreement with numerical data. The
importance of the connectivity-induced interactions for the
dependence of the chain section size on the number of
monomers in this section and the temperature is demonstrated
in section 3.1. In section 3.2, we calculate the molecular weight
dependence of the Flory characteristic ratio atθ-conditions and
show that it is in good agreement with experiments. The main
predictions of our new model of the connectivity-induced long
range correlations in polymers are summarized in section 4.

2. Bond Vector Correlation Function

2.1. Telechelic Model.In the ideal chain model there are no
long range correlations between orientations of bonds along the
chain. Such correlations appear as a result of interactions
between chain monomers. In order to study the effect of
interactions on bond orientations we first consider the telechelic
model of a Gaussian chain (see Figure 1) consisting ofn + 1
monomers, with only two end monomers interacting with each
other via a short-range potentialU(r), which depends on the
length of the end-to-end vectorr of the chain

Hereai is the ith bond vector with an average lengtha. This
model will be generalized in section 2.2 in order to take into
account interactions between all monomers of the real chain.

The correlation function of bond vectorsi and j of the
telechelic chain with contour lengthL ) an

does not depend on their positions along the chain contour, nor
on the distance along the chains) a|i - j| between them, since
the probability of a chain conformation is proportional to its

Boltzmann weight, which depends in this model only on the
sum of all bond vectorsai, that is, on the end-to-end vectorr ,
eq 3. The correlation functionH(L) is calculated in two steps:

First, the scalar productaiaj is averaged over all fluctuations
of bond vectors for given valuer of the end-to-end vectorr
(see Appendix A for details)

According to this expression the two bond vectors are not
correlated only ifr is equal to the root-mean-square end-to-end
distance of the chain,xaL. They have the same preferential
orientation (along the end-to-end vectorr , with H(L|r) > 0)
for stretched chain,r2 > aL, and opposite preferential orientation
(with H(L|r) < 0) if the chain is compressed,r2 < aL.

Second, we calculateH(L), eq 4, averaging the result of the
first step,H(L|r) (see eq 5), over different end-to-end distances
r with the Boltzmann weight,∼e-U(r)/kBT, determined by the
potentialU(r) between two interacting monomers (see Appendix
B):

HereB is the second virial coefficient

with the Mayer function

and the coefficientA in eq 6 is defined by the expression

Note that, as expected, the bond vector correlation function
does not depend on the location of bondsi and j along this
telechelic chain nor on their separations ) a|j - i| along the
chain (the number of bonds|j - i| between them), but it depends
only on the contour lengthL between two interacting monomers
of the chain.

The most important conclusion from this simple model is
that at theθ-point (with zero second virial coefficientB ) 0)
correlations between bond vectors of a telechelic chain decay
as a power of the curvilinear distanceL along the polymer

r ) ∑
i)1

n

ai (3)

H(L) ≡ 〈aiaj〉/a
2 (4)

Figure 1. In a telechelic chain, only two monomers are interacting
with each other with the potentialU(r) sketched in the lower part of
the figure, while other monomers do not interact at all.

H(L|r) ≡ 〈aiaj〉r/a
2 ) (r2 - aL)/L2 (5)

H(L) ) 1

a2
〈aiaj〉 ) ( 3

2π)3/2( B

a1/2L5/2
+ 5

2
A

a3/2L7/2
+ ...) (6)

B ) - ∫ f(r) d3r (7)

f(r) ) e-U(r)/kBT - 1 (8)

A ) ∫ f(r)r2 d3r (9)
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contour between two interacting monomers〈aiaj〉 ∼ AL-7/2. In
classical theories of the telechelic chain the bond vector
correlation functionH(L) has only the first∼B term in eq 6,
and therefore, in contrast to our new model, these theories
predict the absence of the long range correlations between
orientations of bonds inθ-solutions.

2.2. Polymer with All Interacting Monomers. A more
realistic description of a polymer is the chain with alln + 1
monomers interacting with each other. The bond vector cor-
relation function

of two bonds, separated by the distances ) a|j - i| along the
chain can be found by taking the sum of contributions of all
loops which contain bond vectorsai andaj, and formed by pairs
k andm of interacting monomers withk < i < j < m:

Substituting the functionH(L) from eq 6 and replacing the
summation over indexesk and m in eq 11 by the integration
over contour lengthssk andsm, we obtain

where

and L ) an is the contour length of the chain. We see, that
bond vector correlations decay as a power law of the distance
s ) sj - si ) a(j - i) along the chain between bondsi and j.
For internal bonds of the sufficiently long chain (that is, when
1 , i < j , n) the bond vector correlation function in the
θ-region becomes

The second virial coefficientB ) 0 at theθ-point, and eq 14
predicts the power law decay of the correlation function with
the exponentp ) 3/2

(as long asA * 0). In theθ-region away from theθ-point the
first term ∼B in eq 14 dominates over the second term∼A,
leading to the decay of the bond vector correlation function of
internal monomers with the exponentp ) 1/2:

The bond vector correlation function with one of the bonds at
the chain end (withi ) 1) decays at theθ-point faster than the
correlation function between internal bonds, eq 15a:

If both bonds are at the opposite chain ends we recover eq 6
for the telechelic chain at theθ-point, h(1, n) ∼ L-7/2.

Note that it is impossible to achieve bothB ) 0 andA ) 0
in eq 12 by varying the temperature, except for a special form
of the potentialU. One can design the potential with Lennard-
Jones-like asymptotic behavior (U(r) ∼ r-6 at r f ∞), but with
damped oscillations:

where ε is a positive interaction parameter andd is the
interaction radius. Although for this potentialA ) B ) 0, the
higher order terms in expansion 14 would still be nonzero,
leading to the power law decayh(s) ∼ s-2 with the exponent
higher than in eqs 15a and 15b.

2.3. Bond Vector Correlation Function of Flexible Chains.
The above results were derived assuming that bond lengtha is
equal to the Kuhn lengthb. The predictions of this model can
be generalized to flexible chains with the Kuhn length on the
order of several bond length. In particular, the bond vector
correlation function for internal bonds, separated by the
curvilinear distancea(j - i), eq 14, can be rewritten for flexible
chains by replacinga for b inside the bracket in eq 14:

where we introduced dimensionless parameters

Note that the bond-vector correlation function at theθ-point,
eq 17 withB ) 0, is proportional to the probability of forming
a loop, consisting ofs monomers

where the probability distributionQ(s|r) to find ends of Gaussian
chain at the given distancer is defined in eq 60 of Appendix
B.

It is important to stress, that eq 17, as well as all of the
analysis of the present paper, is only valid in the so-called
θ-region near theθ-temperature, where the energykBT|z| of the
excluded volume interactions of the strand containings/a bonds
is less than the thermal energykBT. Herez is the interaction
parameter of the strand

The condition|z| , 1 is always fulfilled in the region

where the connectivity-induced correlation term∼A is stronger
than the excluded volume contribution∼B to the bond vector
correlation function in eq 17.

h(i, j) ) 〈aiaj〉/a
2 (10)

h(i, j) ) ∑
k)1

i-1

∑
m)j+1

n

H[a(m - k)] (11)

h(i, j) = ( 3
2π)3/2[ B

a5/2
g1/2(i, j) + 5

2
A

a7/2
g3/2(i, j) + ...] (12)

gp(i, j) ≡ ∫0

si dsk ∫sj

L dsm

(sm - sk)
p+2

)

1
p(p + 1) [ 1

(sj - si)
p

- 1

sj
p

- 1

(L - si)
p

+ 1

Lp] (13)

h(i, j) ≡ 1

a2
〈aiaj〉 )

h(s) = ( 3
2π)3/21

a2 [43 B

(as)1/2
+ 2

3
A

(as)3/2
+ ...] (14)

h(s) ∼ s-3/2 (θ-solvent) (15a)

h(s) ∼ s-1/2 (A/(as) < |B| < a7/2s-1/2) (15b)

h(1, j) ∼ (sj - a)-3/2 - sj
-3/2 ∼ sj

-5/2

(end monomer,θ-solvent)

U(r) ) kBT ln{1 + ε

kBT
5 - 10(r/d)2 + (r/d)4

[1 + (r/d)2]5 } (16)

h(s) ≡ 1

a2
〈aiaj〉 = ( 3

2π)3/2 1

a2 [43 B

(bs)1/2
+ 2

3
A

(bs)3/2
+ ...]

) Ã(a/s)3/2 + B̃(a/s)1/2 + ... (17)

Ã ) 2
3 ( 3

2π)3/2 A

a7/2b3/2
, B̃ ) 4

3( 3
2π)3/2 B

a5/2b1/2
(18)

h(s) ) 1

a2

2A
3

Q(s|0) (19)

z ) ( 3
2π)3/2

B
(s/a)2

(bs)3/2
(20)

|B| , A/(bs) (21)
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In addition to pairwise, there are three and higher order
interactions of chain monomers, leading to two classes of
renormalization of the effective pairwise interactions. The first
class takes into account interactions of several neighboring
monomers along the chain and results in the shift of the second
virial coefficientB and the renormalization of the Kuhn length
b. The conditionB ) 0 for the renormalized second virial
coefficient determines the shiftedθ-temperature. Below we will
use notationsB, b, and θ for these renormalized quantities
instead of their bare values.

The second class of renormalization is related to many-body
interactions of monomers separated by many bonds along the
chain that can approach each other in space in the process of
thermal fluctuations. It is well-known,12 that such tricritical
fluctuations renormalize the secondB and the thirdC monomeric
virial coefficients

where the functionw ) w(s) logarithmically increases with the
lengths of the chain section between interacting monomers:

It is shown in Appendix C that such interactions also lead to
the renormalization of the parameterA in eq 17:

In order for this renormalization to be important, it has
to decrease the second virial coefficientB by at least the
factor of 2, which occurs at the value of the parameter
w ) 211/4 (see eq 22). For a typical value of the third virial
coefficientC = a6 andb > a this renormalization can only be
important for chain sections consisting of more thansren/a =
exp[(211/4 - 1)2π2/11] = 3 × 104 bonds (see eq 23). For chain
sections shorter thansren one can ignore such renormalization
due to tricritical fluctuations, while for very long chains with
s > sren the bond vector correlation function is expected to have
weak logarithmic corrections to the power law dependence on
the section lengths (eq 17 withA andB given by eqs 24 and
22).

2.4. Computer Simulations.To verify our analytical predic-
tions by computer simulations, we employ the coarse-grained
continuum bead-spring model of a polymer chain. A polymer
in this model consists ofn + 1 soft-sphere monomers,
interacting with each other via the truncated and shifted Lennard-
Jones (LJ) potential

whereσ is the effective diameter of the bead,r is the distance
between monomers, andrc is the cutoff radius (we userc )
2.5σ for all simulations). Chain connectivity is modeled by the
finitely extensible nonlinear elastic (FENE) interaction potential
between adjacent monomers (in addition to the LJ potential, eq
25)

where kFENE is the spring constant andR0 is the maximum
extension of the bond, at which the interaction energy becomes
infinite. In this work we chooseR0 ) 2σ andkFENE ) 10ε/σ2,

which minimizes then dependence of theθ-temperature.24 New
conformations are generated using the standard method of
constant temperature (NVT ensemble) molecular dynamics.
Initial configurations were created as random self-avoiding
walks, and then equilibrated for at least 10τR, whereτR is the
longest relaxation time, determined from the decay of the chain
end-to-end distance autocorrelation function. The resulting
average length of the bond is a weak function of the temperature
a(T) ) (1.03+ 0.036kBT/ε)σ in the temperature range 2ε/kB <
T < 4ε/kB.

In Figure 2, we present the bond vector correlation function

averaged over all pairs of monomers separated by segments of
lengths ) ak and multiplied by the number of monomers,k,
between the two bonds, to the power 3/2. Since the average in
eq 27 is dominated by the internal chain sections withh(s) given
by eq 17, we expect that (s/a)3/2hh(s) has linear dependence on
the curvilinear distances ) ak between two bonds:

Near the θ-temperature we may neglect the temperature
dependence ofÃ and the functionB̃(T) can be approximated
by the expression

with the dimensionless parameterB̃0.
In Figure 2, the numerical data for the series of temperatures

are presented by different symbols and fitted by the linear
dependence, eq 28, with the single value ofÃ ) 0.26, and
the function B̃(T) given by eq 29 with the parameterB̃0 )
0.15 and the theta temperatureθ ) 2.9ε/kB. Note that all points
are well within theθ-region with the interacting parameter
|z| , 1, eq 20. Thus, numerical simulations of flexible chains
confirm the importance of long-range correlations in the
θ-region.

2.5. Effect of Chain Flexibility. In this section we consider
the effect of chain flexibility on the bond vector correlation
function. Classical description of chain flexibility is given by
the worm-like chain model, that predicts the exponential decay

Figure 2. Dependence of the average bond vector correlation function,
eq 27, multiplied by the3/2 power of the numberk ) s/a of monomers
between bonds ons/a at different temperatures. Lines are linear fits
(eq 28) of the data for 5e k e 25. The temperatures are increasing
from lower to upper curve as 1.6, 1.8, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6,
2.7, 2.8, 2.9, 3.0, 3.1, 3.2, 3.5, and 4.0 in units ofε/kB.

hh(s) ≡ 1

a2
〈aiai+k〉 )

1

n - k
∑
i)1

n - k

h(i, i + k) (27)

(s/a)3/2hh(s) ) Ã + B̃(T)(s/a) (28)

B̃(T) ) B̃0(1 - θ/T) (29)

B f Bw-4/11 C f C/w (22)

w(s) ) 1 + 11C

2π2(ab)3
ln

s
a

(23)

A f Aw-4/33 (24)

ULJ(r) ) {4ε[(σ/r)12 - (σ/r)6 - (σ/rc)
12 + (σ/rc)

6] r < rc

0 r > rc
(25)

UFENE(r) ) - 1
2

kFENER0
2 ln (1 - r2/R0

2) (26)
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of the bond vector correlation function, eq 1, at the persistence
length lp ) b/2. In addition to stiffness-induced correlations,
leading to the exponential decay of the orientational memory,
eq 1, there are correlations in orientations of monomers that
are far along the chain, but approach each other in the course
of thermal fluctuations by forming temporary loops. In semi-
flexible chains the probability of monomeric contacts is reduced
at separations along the chain between monomers shorter than
s* = 11lp.25-27 The probability of formation of a loop of length
s and persistence lengthlp was studied in details with the
resulting approximate expression:27

This probability of loop formation,J(s), replaces the corre-
sponding probabilityQ(s|0) of a flexible chain in eq 19 for the
bond vector correlation functionh(s). At short distances along
the chain,s < s*, short-range elastic interactions between
bonds lead to additional exponential decay of correlations
between directions of chain bonds, see eq 1. The resulting bond
vector correlation function atθ-conditions, valid both ats < s*
ands > s*, can be represented in the following form:

The step-like function 1- e-s*/s assures that at short distances
along the chains , s* the bond vector correlation function is

while for longer distances along the chain the expression for
flexible chains, eq 19, is restored.

In our simulations the chain stiffness is introduced through
the bending potential

whereφ is the angle between neighboring bondsi and i + 1,
andu is the stiffness of the bending potential. The persistence
length of such chains depends onu and for largeu . kBT
becomes proportional to it: limuf∞ (lp/u) ) σ/kBT.

Figure 3 shows the bond vector correlation function for
chains with different persistence lengthslp at the theta tem-
perature estimated for chains with lengthL ≈ 100lp to be
T ) θ ) 3.1ε/kB. The persistence lengthlp was determined from
the initial exponential decay ofhh(s). Using these values oflp
we subtract the exponential decay component e-s/lp(1 - e-s*/s)
from the bond vector correlation functionhh(s) and plot the
difference in Figure 4.

The horizontal axis in this figure is scaled by the persistence
lengths lp, as in Figure 3, and the vertical axis is scaled by
(lp/d)3, whered is the interaction radius. For the short-range LJ
potential, eq 25, the interaction radius isd ) σ, but it can be
much larger in the case of the long-range potentials. The
rescaling of the vertical axis reflects the expected dependence
of the probability of two monomers separated by the distance
s . s* along the chain to be found at the interaction radiusd
from each other,d3/(slp)3/2 ) (d/lp)3(lp/s)3/2. Thus, for a given
value ofs/lp, the factor (lp/d)3 is expected to collapse the data
for the bond vector correlation function. The theoretical expres-

sion for the residual nonexponential part of this function derived
from eq 31

is shown by the solid line in Figure 4. The coefficients obtained
by fitting the numerical data to eq 33 are

where we used eq 18.

J(s) ) {4.7× 112

(blp)
3/2 (s

lp)
-5

e-14lp/s+0.25s/lp s < s*

( 3
2πbs)

3/2
s > s*

(30)

h(s) ) e-s/lp(1 - e-s//s) + 1

a2

2A
3

J(s) (31)

h(s) ) e-s/lp + 1

a2

2A
3

J(s)

Ub(φ) ) u(1 - cosφ) (32)

Figure 3. Averaged bond vector correlation functionhh(s) of polymer
chains with different stiffness. Points represent the simulation results
for n ) 319 andT ) θ ) 3.1ε/kB. Horizontal axis is scaled by the
corresponding persistence lengthlp, dotted line shows the exponential
function e-s/lp. The symbols correspond to data for chains with different
lp (in units ofσ): (0) lp ) 1.34, (O) lp ) 1.67, (4) lp ) 2.05, (3) lp )
2.47, (]) lp ) 2.91, and (×) lp ) 3.42; (/) fully flexible polymer with
lp ) 0.9σ.

Figure 4. Residual nonexponential decay of the bond vector correlation
function. Numerical data are shown by symbols: open symbols
correspond to uncharged polymers with the persistent lengthslp (in
units ofa): (0) lp ) 1.34, (O) lp ) 1.67, (4) lp ) 2.05, (3) lp ) 2.47,
(]) lp ) 2.91, and (×) lp ) 3.42; (/) fully flexible polymer with lp )
0.9σ, closed symbols correspond to charged polymers at concentration
c (in units ofσ-3) and the persistent lengthlp (in units ofa): (9) lp )
4.74,c ) 0.05; (b) lp ) 3.42,c ) 0.10; (2) lp ) 3.04,c ) 0.15. The
solid line is the theoretical prediction for the residual nonexponential
part of the bond-vector correlation function, eq 33 withÂ ) 0.34 and
s* ) 11. The dashed line shows the power low asymptote of eq 33 for
larges.

(lp/d)3[h(s) - e-s/lp (1 - e-s*/s)] = (lpd)3 2A

3a2
J(s) )

Â(2πblp
3 )3/2

J(s) (33)

Â ≡ (alp

d2)3/2

Ã ) 2
3 ( 3lp

2πb)3/2 A

a2d3
) 0.34 (34)
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The nonmonotonic nature of the solid curve, eq 33, also
exhibited by numerical data, is related to the reduction of the
loop formation probability due to different effects. Loops with
small contour lengths j s* have lower probability due to the
chain stiffness (∼e-14lp/s), while loops, formed by long chain
sections withs . s/ have probability decreasing as (s/lp)-3/2.
As the result of these two effects the solid curve, eq 33, reaches
its maximum ats = 3.3lp.

The data for chains without additional bending potential
(without Ub(φ), eq 32), are also shown on the same plot to
illustrate the universal nature of the long-range correlations in
polymers. Since the regular definition of the persistence length
(see eq 1) is inapplicable for these chains, we uselp ) 0.9σ in
order to overlap the numerical data for the chain without the
bending potential with the results for chains with the bending
potentialUb(φ), eq 32.

In semidilute polyelectrolyte solutions electrostatic interac-
tions are screened by charges of neighboring chains and by
counterions at the distance on the order of the correlation length
ê. This correlation lengthê ≈ (f2ablB)-1/6 c-1/2 is calculated by
scaling models as the average minimal distance between
monomers of neighboring chains. Heref is the fraction of
charged monomers,lB ) e2/kBT is the Bjerrum length,c is the
number density of monomers, and the solvent isθ-like for the
uncharged backbone. The number of monomers in a chain
section of sizeê is g ≈ (f2ablB)-1/2 c-1/2.29,30Charged polymers
in semidilute solutions become flexible only at scales larger
than the correlation lengthê, and have the persistence length
on order of the correlation lengthlp ∼ ê.30

Details of molecular dynamics simulations of semidilute
polyelectrolyte solutions are given in ref 31. The results of these
simulations for the bond vector correlation function are shown
in Figure 4 by solid symbols, using the persistence lengthlp,
determined from the initial exponential decay of this function
(lp/ê ) 1.25( 0.04, 1.32( 0.04, and 1.45( 0.04 for solutions
with concentrationsc ) 0.05σ-3, 0.10σ-3 and 0.15σ-3, respec-
tively). Weak increase in the ratiolp/ê with concentrationc is
in agreement with the recent predictions of Dobrynin.14 The
correlation lengthê determines the characteristic scaled ) ê
of the interaction between chain segments. The data for
polyelectrolyte solutions fall onto the same curve as the
corresponding data for uncharged chains, indicating the uni-
versality of connectivity correlations.

We conclude, that for all polymers near theθ-point (with
|B| , A/(bs)) the bond vector correlation function consists of
two contributions- the exponential decay due to chain stiffness,
and contact probability contribution, decaying ass-3/2 (data
points in Figure 4), in good agreement with the theoretical
prediction, eq 33 (solid lines in Figure 4).

3. Polymer Conformations

3.1. Size of Chain Sections in theθ-Region.Our new theory
allows us to calculate the size of the chain section between bonds
k and l (k < l) in the θ-region:

where the bond vector correlation functionh(i, j) is defined in
eq 10. If bondsi and j are both located far from chain ends
(i . j - i andn - j . j - i), then the bond vector correlation
function, eq 12, depends only on the curvilinear distances )
a(j - i) between the two bondsi and j. In this case the

expression 35 for the mean squared size of the segment can be
simplified by replacing the double summation by the single sum

The first term originates froml - k diagonal elements with
k ) l of the sum in eq 35. Nondiagonal elements can be
regrouped according to the separationm ) j - i between the
two bondsi andj. Note that there are 2(l - k + 1 - m) identical
elements of the sum in eq 35 with a givenm ) j - i. For large
curvilinear distancess ) a(l - k) the summation over indexm
can be replaced by the integration over the curvilinear lengths′
) am

whereγa is the lower cutoff of the integral with dimensionless
parameterγ ∼ 1. Substituting expression 17 for the function
h(s′) into eq 37 and performing the integration over the variable
s′, we find

with the Kuhn length

and the dimensionless constant

Deviations of the segment statistics from the ideal one,
〈r2〉 ∼ s, can be best visualized by plotting the ratio of the mean
squared size〈r2〉 to the product of the contour length and the
monomer size as the function of the dimensionless variable
x ) xa/s. From eq 38, we find the theoretical prediction for
the segment nonideality

The data for〈r2〉/(as) obtained by numerical simulations at
different temperatures are plotted as functions ofx ) (a/s)1/2 in
Figure 5.

The best fit of this set of data by the theoretical prediction,
eq 41, is shown in Figure 5 by the corresponding set of lines.
This fit is obtained by the following procedure. The value of
the coefficientÃ ) 0.26 is taken from the analysis of the bond
vector correlation function presented in section 2.4. The
temperature dependence of the coefficientB̃(T) ) B̃0(1 - θ/T)
(with B̃0 ) 0.15 andθ ) 2.9ε/kB) is also taken from the same
analysis. The only two adjustable parameters (b and â) were
fitted separately for each temperature and their values are in
excellent agreement with theoretical predictions, eqs 39 and 40,
for the value ofγ ) 0.76.

The family of curves in Figure 5 has a shape of a trumpet
and can be split into two groups. Curves of the lower group,
corresponding to the negative second virial coefficientB < 0,
exhibit pronounced maxima, that shift to higher values ofx
(lower values ofs) with decreasing temperature. The existence
of these maxima cannot be explained by classical theories and
is entirely due to our correlation-induced interactions. This
theoretical prediction for the locus of the maxima of the lower

〈r2〉 ) a2(l - k) + 2a2 ∑
m)1

l-k

(l - k + 1 - m)h(am) (36)

〈r2〉 ) as+ 2∫γa

s
(s - s′)h(s′) ds′ (37)

〈r2〉 = bs- 8Ãa3/2s1/2 + 8
3

B̃a1/2s3/2 + âa2 (38)

b ) a(1 + 4Ãγ-1/2 - 4B̃γ1/2) (39)

â ) 4Ãγ1/2 + (4/3)B̃γ3/2 (40)

〈r2〉
as|

s)a/x2
=

b
a

- 8Ãx + 8
3

B̃
x

+ âx2 (41)

〈r2〉 ) 〈∑
i)k

l

∑
j)k

l

aiaj〉 ) a2 ∑
i)k

l

∑
j)k

l

h(i, j) (35)
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group of curves is shown by the dashed line in Figure 5. From
eq 41, the asymptotic expression for the temperature dependence
of the position of the maxima is

The dependence 1/T on smax
-1 is shown in the inset of Figure

5, and in accordance with eq 42, it is well approximated by the
straight line. Note that the interaction parameter|z| , 1 (see
eq 20) for sections of the chain, corresponding to this maximum.
These sections are much smaller than the thermal blob strands,19

smax , sth, wheresth is the number of monomers in the thermal
blob

Curves of the second (upper) group, corresponding to the
positive second virial coefficientB > 0, bend upward as they
approach the vertical axis (x ) 0) in Figure 5. Equation 41
predicts, that curves of this group have hyperbolic shape in the
θ-region

where the contour lengthsth of the thermal blob is given by eq
43. At higher temperatures in a good solvent region one expects
the asymptotic behavior

The only line, that asymptotically reaches the vertical axis
(x ) 0) corresponds to theθ-temperature (B ) 0). Our theory,
eq 41, predicts that at theθ-point 〈r2〉/s becomes a parabolic
function of x ) xa/s, but the contribution ofx2 term is only
important for short chain sections. We stress that the line

〈r2〉/s is not horizontal even at theθ-point, and the main
deviation from the ideality is due to the linear term
〈r2〉/s = b - 8Ãa3/2xs. This deviation leads tos dependence of
the Flory characteristic ratio as will be discussed in the following
section.

3.2. Flory Characteristic Ratio. Polymer chain at the
θ-condition is usually considered to be the reference state in
the analysis of polymer conformations.32-39 The dependence
of the polymer size at theθ-temperature on the numbern of
main chain bonds is described by the characteristic Flory ratio.42

Theoretically it is defined as the ratio of the mean-square end-
to-end distance of the chain at theθ-point to the mean-square
end-to-end distance of the freely jointed chain withn bonds of
lengtha40

Experimentally, it is determined as the ratio of the mean-
square radius of gyration of the chain at theθ-point to the mean-
square radius of gyration of the freely jointed chain of the mass
M

whereM0 is the molar mass per bond.
Classical chain models predict that the characteristic ratio

quickly approaches its asymptotic valueC∞ ) limnf∞ Cn with
increasingn, asC∞ - Cn ∼ n-1.41,42 Long range correlations
between bond vectors of the chain described in the present paper
lead to a much weaker dependence,C∞ - Cn ∼ n-1/2.

The mean-square radius of gyration of the chain at theθ-point
can be derived by analogy with eq 38:

whereb ) 2lp + 4aÃγ-1/2 andâ ) 4Ãγ1/2, as defined in eq 40
with B̃ ) 0. From eq 48 we obtain the expression for the
characteristic ratio of long chains (ignoring the last term in this
equation forn . 1) which is a linear function ofn-1/2 ∼ M-1/2

with asymptotic value of the characteristic ratioC∞ ) b/a.
The comparison of our prediction for the molecular weight

dependence of the characteristic Flory ratioCn with experimental
data for polystyrene in aθ-solution43 is shown in Figure 6. We
plot the characteristic ratioCn as the function of the reciprocal
square root number of main chain bonds. As can be seen from
the inset in Figure 6, the dependence ofCn on n-1/2 is linear, as
expected from eq 49 and can be fitted byCn ) 11.9- 30.2n-1/2.
The plot shown in the inset is the best way of accurately
obtaining the limiting value of the characteristic ratioC∞ (C∞
) 11.9 for polystyrene in cyclohexane). Similarn-1/2 depen-
dence has been also obtained in ref 20 for the inner chain
segments using the self-consistent mean-field approach.

4. Conclusions
In this paper, we introduced a new type of interaction between

monomers, which has not been taken into account in previous
studies. This effective interaction is due to the finite range of
monomeric potential and the chain connectivity. The new effect
does not exist in models where chain elasticity is balanced by
the excluded volume interactions of unconnected monomers,
as in the Flory theory. The new connectivity-induced interaction

Figure 5. Dependence of the ratio of the mean squared size of a
segment of the lengths to ason the reciprocal square root of the number
of bonds in this segmentx ) (s/a)-1/2 at different temperatures. The
temperatures are increasing from lower to upper curves as 1.6, 1.8,
2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.75, 2.8, 2.85, 2.9, 3.0, 3.1, 3.2,
3.5, and 4.0 in units ofε/kB. Lines are best fit to the numerical data by
the theoretical prediction (eq 41) fors/a e n/3. The inset shows the
dependence of the reciprocal temperature 1/T on the reciprocal number
of monomersa/smax of the strand at the maximum. The line in the inset
corresponds to the best fit of these data to the asymptotic dependence;
see eq 42.

Cn ) R2

a2n
(46)

Cn )
6Rg

2

a2(M/M0)
(47)

Rg
2 =

abn
6

- 31
12

Ãa2xn + â
2

a2 (48)

C∞ - Cn =
31
2

Ãn-1/2 (49)

smax ) a
3Ã

|B̃(T)| ) a
3Ã

B̃0(θ/T - 1)
(42)

sth ∼ B̃-2(T) ∼ (θ/T - 1)-2 (43)

〈r2〉
as

=
B̃(T)

x
= ( s

sth
)1/2

(44)

〈r2〉
as

= ( s
sth

)2ν-1 ∼ x2-4ν (45)
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is also absent in the standard models withδ-function interaction
potential that neglects the spatial separation of attractive and
repulsive parts of monomeric interactions. Thus, there are two
necessary conditions for the existence of the new connectivity-
induced correlation effect, proposed in the present paper:
monomer connectivity along the chain and nonzero range of
interaction potential. Our analysis provides a unified description
of the nonideality of polymer chains in diluteθ-solutions, melts
and semidilute solutions. We focus on the change of the effective
interaction between two monomers caused by the entropic
elasticity of the loop formed when these monomers are in
contact with each other.

This effect leads to deviations from ideality for polymers in
a θ-region, such as long-range power-law correlations between
directions of chain bondsai andai+k, separated byk monomers

The first and third dependencies are caused by two-body
attraction and repulsion, respectively, in theθ-region. The
second dependence is due to our new effective interaction at
temperaturesT close to theθ-temperature. The fourth relation
is the result of excluded volume interactions away from the
θ-point.44

These correlations lead to unexpected dependence of the ratio
of the mean-square size〈r2〉 of the chain section to its ideal
size〈r2〉id ) abk on the number of monomersk in this section

The best way to visualize these dependencies is to plot the
above ratio, eq 51, as the function ofx ) k-1/2; see Figure 5.
The only curve, that asymptotically reaches the vertical axis
x ) 0 corresponds to theθ-point. The negative slope of this
line is determined by the strength of our new effective

interactions. The group of curves, corresponding to positive
second virial coefficients bend upward away from this line.
Curves, corresponding to negative second virial coefficients bend
downward away from this line and have pronounced maxima
due to the balance of new effective interactions and two body
attraction. These maxima occur well in theθ-region with the
energy of the two body attraction much less than the thermal
energy kBT. We also predict similar behavior for then
dependence of the characteristic Flory ratioCn, (see eq 49 and
the inset in Figure 6 for this behavior atT ) θ). The
characteristic ratioCn should have a maximum in theθ-region
at temperaturesT < θ.

We demonstrate, that the effect of newly discovered correla-
tion-induced interactions dominates over classical logarithmic
corrections due to tricritical fluctuations in a wide range of chain
sizes,n j nren = 104, and over the significant temperature
window around theθ-point (see, for example, Figure 2). For
longer chains tricritical fluctuations become important for
sections containingk > nren monomers. Logarithmic corrections
to the bond vector correlation function become important for
bonds separated by such very long sections, for which we get

and the functionw ) w(ak) is defined in eq 23.
Although this paper focuses on polymer properties in the

θ-region, the effect of new effective interactions on chain
conformations is also important outside theθ-region, as will
be shown in the forthcoming publication.45 These effective
interactions are important not only for dilute solutions near the
θ-point, but also in melts and semidilute solutions, both in good
and θ-solvents.18 In the case of semidilute solutions, this
effective interactions become significant on length scales larger
than the correlation lengthê.

Note that since these interactions are due to the chain
connectivity, they exist exclusively between sections of the same
chain, rather than sections of different chains. These effective
interactions are due to small correlations in relative positions
of segments located far along the contour of the chain, as they
meet each other in the process of thermal fluctuations. The
probability of such encounters between chain sections is
significantly reduced in semiflexible chains, decreasing the effect
of these interactions.

Predictions of our theory can be tested by extensive computer
simulations and systematic experiments. Our theory provides a
new basis for the analysis of polymer properties near theθ-point.
In particular, the systematic investigation of the Flory charac-
teristic ratio at theθ-region provides a direct measurement of
the strength of the new interactions for different classes of
polymers. Results of these experiments can be directly compared
with measurements of the bond vector correlation function of
the same polymer as well as with corresponding computer
simulations and will provide the stringent test of our theory.
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Appendix A. Bond Vector Correlations for a Fixed
End-to-End Vector

Consider a Gaussian chain withn bonds of the average bond
lengtha, contour lengthL ) an, and fixed end-to-end vectorr .

Figure 6. Flory characteristic ratioCn for polystyrene in cyclohexane
at 34.5°C (θ-solution)43 as the function of the numbern ) M/M0 of
main chain bonds. For polystyrene the average bond lengtha ≈ 1.54Å
and its mass per bond isM0 ) 52 g/mol. Inset: the Flory characteristic
ratio Cn as the function of the reciprocal square root number of main
chain bonds. Straight line is the best fit of the data by eq 49.

〈aiai+k〉 ∼ {-k-1/2 k-1 , 1 - T/θ , k-1/2

k-3/2 |T/θ - 1| , k-1

k-1/2 k-1 , T/θ - 1 , k-1/2

k2ν-2 k-1/2 , T/θ - 1

(50)

〈r2〉
〈r2〉id

- 1 ∼ {-k1/2 k-1 , 1 - T/θ , k-1/2

-k-1/2 |T/θ - 1| , k-1

k1/2 k-1 , T/θ - 1 , k-1/2

k2ν - 1 k-1/2 , T/θ , - 1

(51)

〈aiai+k〉 ∼ {k-3/2w-4/11 |T/θ - 1| , k-1w8/33

k-1/2w-4/33 k-1w8/33 , |T/θ - 1| , k-1/2
(52)
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The bond vector correlation functionH(L|r) for fixed r can be
found by averaging the square of both sides of eq 3 over the
fluctuations of bond vectors{ai}:

The mean square length of the bond at fixed end-to-end vector
r

depends on the length of this end-to-end vector and may differ
from a2 of free chain. Averaging eq 3 over the fluctuations of
bond vectorsai for a given vectorr we find

In contrast to the average,〈ai〉r, the amplitude of fluctuations
of the bond vectorδai ) ai - 〈ai〉r of a Gaussian chain does
not depend onr . Fixing the chain ends at a constant distance
decreases the number of degrees of freedom of this chain from
n to n -1, and thus reduces the average bond fluctuations by
the factor of (n - 1)/n:

Substituting eqs 56 and 55 into 54, and plugging in the resulting
expression for〈ai

2〉r into eq 53 we get

Using the expression for the contour lengthL ) an we obtain
the final expression (eq 5) for the bond vector correlation
function, 〈aiaj〉r, at fixed end-to-end vectorr .

Appendix B. Average Bond Vector Correlation Function
of a Telechelic Chain

To calculate the bond vector correlation functionH(L),
defined in eq 4, we averageH(L|r) (eq 5 or 5) over end-to-end
distancesr with the probabilityP(L|r) of chain conformation
with a given end-to-end vectorr :

Here

Q(L|r) is the probability distribution to find ends of a Gaussian
chain at a given distancer from each other

e-U(r)/T is the corresponding Boltzmann weight, andL is the
contour length of the polymer. Substituting eq 60 into 59, and
replacing the Boltzmann weight e-U/kBT by unity plus the Mayer
function (1+ f(r ), see eq 8), we obtain

Since the Mayer functionf(r) vanishes at larger, the main
contribution to this function comes from loop conformations
with chain ends spatially close to each other,r , (bL)1/2.
Substituting the expansion of the functionsQ(L|r) in eq 60 in
powers ofr2/L into eq 61, we obtain

Expanding this result in powers of 1/L and keeping only leading
terms in this expansion, one gets eq 6, in which the Kuhn length
b is assumed to be equal to the monomer sizea.

Appendix C. Renormalization Group in the Tricritical
Region

In this appendix we present the results of the renormalization
group (RG), the goal of which is to take into account the effect
of many-body interactions between monomers on correlations
between bonds and on the chain size. These calculations
generalize the classical RG calculations of Duplantier12 in order
to include the nonlocality of the monomeric potential. The main
idea of the real space RG is to calculate the effective interactions
between larger sections of the chain from the corresponding
interactions of its smaller sections.

We start from monomers of sizea with the second virial
coefficientB, eq 7, third virial coefficientC, and nonlocal virial
coefficient A, eq 9, and define the dimensionless interaction
parameters

At the first stage of RG we calculate the corresponding
interaction coefficients,B1

sec, C1
sec, and A1

sec between chain
sections consisting ofg monomers. The dimensionless interac-
tion parameters are defined by dividing these interaction
coefficients by the corresponding powers of the Gaussian size
of these sections,ag1/2. The same procedure is repeated for the
second, third, ..., andith step of RG with the resulting interaction
parameters

whereSi ) gi is the number of monomers in the interacting
section atith step of RG, andBi ) Bi

secSi
-3/2, Ci ) Ci

secSi
-3, and

r2 ) n〈ai
2〉r + n(n - 1)a2H(L|r) (53)

〈ai
2〉r ) 〈ai〉r

2 + 〈δai
2〉r (54)

〈ai〉r ) r /n (55)

〈δai
2〉r ) n - 1

n
a2 (56)

H(L|r) ) r2

a2n2
- 1

n
(57)

H(L) ≡ ∫ P(L|r)H(L|r) d3r (58)

P(L|r) )
Q(L|r) e-U(r)/kBT

∫ Q(L|r′) e-U(r′)/kBT d3r′
(59)

Q(L|r) ) ( 3
2πbL)3/2

exp(- 3r2

2bL) (60)

H(L) )
∫ H(L|r)Q(L|r) d3r + ∫ H(L|r)Q(L|r)f(r) d3r

∫ Q(L|r) d3r + ∫ Q(L|r)f(r) d3r

)
∫ H(L|r)Q(L|r)f(r) d3r

1 + ∫ Q(L|r)f(r) d3r
(61)

H(L) )

( 3
2πbL)3/2∫ H(L|r)f(r) d3r - ∫ H(L|r) 3r2

2bL
f(r) d3r + ...

1 + ...
(62)

u0 ) B

(2π)3/2a3
, y0 ) C

(2π)3a6
, t0 ) A

a5
(63)

ui )
Bi

sec

(2π)3/2(aSi
1/2)3

)
Bi

(2π)3/2a3

yi )
Ci

sec

(2π)3(aSi
1/2)6

)
Ci

(2π)3a6

ti )
Ai

sec

(aSi
1/2)5

)
Ai

a5
(64)
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Ai ) Ai
secSi

-5/2 are effective monomeric interaction coef-
ficients. Below we find the recurrence relation between these
interaction coefficients at the consecutive steps of RG.

The starting point of our consideration is the effective
Hamiltonian of the chain

where r (s′) is the position vector of the monomer with
curvilinear coordinates′ andF(r ) is the monomeric density

In the case of local pair interactions, the Mayer function can be
approximated by theδ-function, f(r - r ′) ) -Bδ(r - r ′), and
the two-body interaction term of the Hamiltonian in eq 65 takes
the standard form

In this paper, we consider nonlocal interactions, for which the
Mayer function cannot be represented as a simpleδ-function.
Keeping the pair interactions between monomers in a more
general nonlocal form and substituting expression 66 for the
monomeric density into eq 65, we obtain the generalization of
the Edwards Hamiltonian46

The main idea is that at theith step of RG the Hamiltonian
of the chain has the same form, but with renormalized coefficient
Ci and the renormalized Mayer functionfi. Integrals in eq 67 at
each step of RG are replaced by the sum of integrals over
sections of lengthSi of the chain

The calculation involves averaging over the conformations of
these sections. The result of this averaging is the new effective
renormalized parameterCi and the Mayer functionfi.

Three body interactions give the dominant contribution to
the renormalization of the third virial coefficient in the tricritical
region near theθ-point. As shown in ref 12, the effective third
virial coefficientCi at stepi is related to this coefficientCi-1 at
stepi - 1 as

The numberSi of monomers in interacting sections increases
by the factor ofg at each step of RG,Si ) Si-1g. Using the
relation lng ) ln Si - ln Si-1, eq 69 can be rewritten as

SubstitutingCi ) yia6 (2π)3 from eq 64 into eq 70, we obtain

These equations can be rewritten in the continuous differential
form (keepingg . 1)

A similar procedure leads to RG equations for the dimensionless
second virial coefficientu and the dimensionless nonlocal virial
coefficientt, see eq 64, where interaction coefficientsAi andBi

are obtained by integrals (eqs 7 and 9) of the renormalized
Mayer functionfi(r ) at theith step of RG:

The solution of the system of eqs 72 and 73 can be obtained by
separation of variables with the result

wherey0, u0, andt0 are bare values of dimensionless interaction
parameters, eq 63. Expressions fory andu reproduce the result
of Duplantier,12 while t describes the renormalization of the
parameterA due to tricritical fluctuations.

Appendix D. Table of Notations

symbol meaning
a average length of the bond vector
ai ith bond vector,〈ai〉 ) a
A second moment of the Mayerf-function, eq 9
Ã, Â dimensionlessA, eqs 18 and 34
b Kuhn segment length
B second virial coefficient, eq 7
B̃ dimensionlessB, eq 18
c monomeric concentration
C third virial coefficient
Cn Flory characteristic ratio for chain ofn bonds

eq 47
C∞ asymptotic value ofCn for infinite chain,C∞ )

b/a
d interaction radius
f fraction of charged monomers of the chain
f(r) Mayer f-function, eq 8
g number of monomers per correlation blob
g1/2(i, j), g3/2(i, j) contributions toh(i, j) with coefficientsB and

A, respectively, eq 13
h (i, j), h(s) bond vector correlation function for interacting

chain, eqs 10 and 14
H(L), H(L|r) bond vector correlation functions for telechelic

polymer, eqs 4 and 5
J(s) probability of loop formation for the semiflex-

ible chain of lengths, eqs 30
kB Boltzmann constant
L polymer contour length,L ) an
lp persistence length, eq 1
M polymer molar mass
M0 molar mass per bond
n number of bonds in macromolecule

H
kBT

) 3
2a∫ ( dr

ds′)
2

ds′ -

1
2∫∫ d3r d3r′ f(r - r ′)F(r )F(r ′) + C

6
d3r F3(r ) (65)

F(r ) ) a-1 ∫ δ[r - r (s′)] ds′ (66)

B
6 ∫ d3r F2(r ) ) B

2a2 ∫∫ ds′ ds′′ δ[r (s′) - r (s′′)]

H
kBT

) 3
2a∫ (dr

ds′)
2

ds′ - 1

2a2 ∫∫ ds′ ds′′ f[r (s′) - r (s′′)] +

C

6a3 ∫∫∫ ds′ ds′′ ds′′′ δ[r (s′) - r (s′′)]δ[r (s′) - r (s′′′)]

(67)

∫0

an
dsi-1 ... ) ∑

k)1

n/Si ∫aSi(k-1)

aSik dsi ... (68)

Ci ) Ci-1 - 11

2π2a3
Ci-1

2 ln g (69)

Ci - Ci-1

ln Si - ln Si-1
) - 11

2π2a3
Ci-1

2 (70)

yi - yi-1

ln Si - ln Si-1
) -44πyi

2 (71)

dy
d(ln S)

) -44πy2 (72)

du
d ln S

) -16πuy,
dt

d ln S
) - 16π

3
ty (73)

y ) y0/w, u ) u0w
-4/11, t ) t0w

-4/33 (74)

w ) 1 + 44πy0 ln (S/a) (75)
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Q(L|r) probability to find ends of Gaussian chain of
lengthL at a distancer, eq 60

r distance between monomers
rc Lennard-Jones cutoff distance, eq 25
R2 mean-square end-to-end distance of a chain
R0 FENE bond extension limit, eq 26
Rg

2 mean-square gyration radius of a chain
s contour length
T absolute temperature
u stiffness of the bending potential, eq 32
U(r), UFENE(r) monomeric interaction potentials
Ub(φ) bending potential, eq 32
x dimensionless variablex ) xa/s
w(s) renormalization factor due to tricritical fluctua-

tions, eq 23
z interaction parameter, eq 20
â dimensionless constant, eq 40
γ dimensionless coefficient for lower cutoff, eq

37
ε amplitude of the Lennard-Jones interaction

potential, eq 25
ê correlation length
σ molecular dynamics length unit
τR polymer relaxation time
φ bond angle, eq 32
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